Introduction
The algebra of truth values of type-2 fuzzy sets was introduced by Zadeh in 1975 , generalizing the truth value algebras of ordinary fuzzy sets, and of interval-valued fuzzy sets. There is an extensive literature on it. Many fundamental mathematical properties of this algebra have been developed, but many basic questions remain open. This paper addresses some questions about the variety generated by this algebra of truth values, and of the varieties generated by various subalgebras of interest. Our principal result is that these varieties are generated by …nite algebras, and we exhibit these …nite algebras explicitly. In particular, these algebras are locally …nite. Many natural questions remain; for example, …nding an equational bases for these varieties.
We begin by giving the de…nition of our algebra of truth values, and listing some of its known properties.
The algebra of fuzzy truth values of type-fuzzy sets
The underlying set of the algebra of truth values of type-2 fuzzy sets is M = M ap([0; 1]; [0; 1]), the set of all functions from the unit interval into itself. The operations imposed are certain convolutions of operations on [0; 1]. These are the binary operations t and u, the unary operation , and the nullary operations 1 and 0 as spelled out below.
These yield the algebra M = (M ;t; u; ; 1; 0), the algebra of truth values for fuzzy sets of type-2.
Using some auxiliary operations, it is fairly routine to verify the following properties of the algebra M. The details may be found in [3] .
Corollary 1 Let f; g; h 2 M . The following equations hold in M.
Easy examples show that M is not a lattice. However, M is a De Morgan bisemilattice-a general algebra with two binary operations, both of which are idempotent, commutative, and associative, and a unary operation satisfying (6) and (7). There is a fairly extensive literature on distributive bisemilattices, but M is not distributive.
Notice that the algebra M has an additional equation connecting directly the operations t, and u, namely equation (5).
The main results
We begin with a bit of notation, and then list our main results. M = (M; u; t; ; 0; 1).
V (M) denotes the variety generated by the algebra M.
V(EQ) denotes the variety generated by the equations in (1)-(7) above.
De…nition 2 An algebra is locally …nite if every subalgebra generated by a …nite subset is …nite. A variety is locally …nite if every member of it is locally …nite.
Since V(EQ) contains all ortholattices, it is not locally …nite, as is well known.
Theorem 3 M = (M; u; t; ; 0; 1) is locally …nite with a uniform upper bound on the size of a subalgebra in terms of the size of a generating set.
The proof is e¤ected by giving explicitly the elements of the subalgebra generated by a …nite set.
Corollary 4
The variety V (M) generated by M is locally …nite.
Corollary 5 M satis…es an equation not a consequence of the equations in (1)-(7)
above. Thus this set of equations is not an equational base for the variety generated by M.
We have not yet found such an equation. Actually, we have a stronger result than Theorem 3.
Theorem 6 V (M) is generated by an algebra with 12 elements. In particular, this variety is locally …nite.
This theorem is proved by showing that V (M) is generated by the subalgebra E = (f0; 1g [0;1] ; u; t; ; 0; 1) of M, and then constructing homomorphisms of E into an appropriate algebra with 32 elements, which in turn generates V (E). By examining congruences of this 32-element algebra, a 12-element algebra is produced which generates this 32-element algebra.
Analogous results hold for the algebra M without the unary operation , except that the variety that algebra generates is generated by an algebra with 5 elements.
If also the constants 0 and 1 are removed from the type, the resulting variety is generated by a 4-element algebra.
We have not been able to …nd equational bases for these varieties.
Some subalgebras of M
The algebra M has several subalgebras of interest for which we produce …nite algebras generating the same variety. One of particular interest is the subalgebra C = (C; u; t; ; 0; 1) of M consisting of the convex functions C. These are functions f for which x y z implies that f (y) f (x)^f (z): One reason that this algebra is of particular interest is because it is a distributive De Morgan bisemilattice.
Theorem 7
The variety generated by the algebra (C; u; t) is generated by the two element chain with an absorbing element added.
In fact, this two-element chain with an absorbing element added generates the variety of all distributive bisemilattices. (See [2] and [1] .) It follows that (C; u; t) generates the variety of all distributive bisemilattices.
With the constants in the type, we have the following.
Theorem 8
The variety generated by the algebra (C; u; t; 0; 1) is generated by the two-element bounded chain with an absorbing element added.
Finally, putting also in the type, the result becomes this.
Theorem 9
The variety generated by the algebra (C; u; t; ; 0; 1) is generated by the four-element De Morgan algebra diamond with an absorbing element added.
As mentioned, for other subalgebras of M; we have produced …nite algebras generating the same variety. A recurring theme is the role of the absorbing element, that is, the function that is identically 0:
One fundamental problem remains: …nding equational bases for these various varieties, especially for the algebra M: But getting …nite algebras generating these varieties is an important …rst step.
